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Abstract. In this series of papers, we investigate the spreading and vanishing dynamics of time 
almost periodic diffusive KPP equations with free boundaries. Such equations are used to charac¬ 
terize the spreading of a new species in time almost periodic environments with free boundaries 
representing the spreading fronts. In this first part, we show that a spreading-vanishing di¬ 
chotomy occurs for such free boundary problems, that is, the species either successfully spreads 
to all the new environment and stabilizes at a time almost periodic positive solution, or it 
fails to establish and dies out eventually. The results of this part extend the existing results on 
spreading-vanishing dichotomy for time and space independent, or time periodic and space inde¬ 
pendent, or time independent and space periodic diffusive KPP equations with free boundaries. 
The extension is nontrivial and is ever done for the first time. 

Keywords. Diffusive KPP equation, free boundary, time almost periodic environment, spreading- 
vanishing dichotomy, principal Lyapunov exponent, part metric, time almost periodic positive 
solution. 

2010 Mathematics Subject Classification. 35K20, 35K57, 35B15, 37L30, 92B05. 


1 


1 Introduction 


This is the first part of a series of papers on the spreading and vanishing dynamics of diffusive 
equations with free boundaries of the form, 

Ut = Uxx + uf{t,X,u), 
h'{t) = -fiUxit, h{t)), 

Ux{t,0) = u{t,h{t)) = 0, 

/i(0) = hQ,u{0,x) = uo{x), 

where x = is the moving boundary to be determined, /i, ho are given positive 

constants, and the initial function uo{x) satisfies 

uq € C‘^{[0,ho]), 'Wo(O) = '^o{ho) = 0, and uq > 0 in [0 ,/iq). (1.2) 

We assume that f{t,x,u) is a function in t G M, x G M, and u G M; f{t,x,u) < 0 for 
u S> 1; fu{t,x,u) < 0 for > 0; and f{t,x,u) is almost periodic in t uniformly with respect 
to X G M and u G M (see (HI), (H2) in subsection 2.1 for detail). Here is a typical example of 
such functions, f{t,x,u) = a{t,x) — b{t,x)u, where a{t,x) and b{t,x) are almost periodic in t 
and periodic in x G M, and inf^gK^^GK b{t, x) > 0. 

Observe that for any given uq satisfying ([L2D,([nD has a unique (local) solution {u{t, x; uq, ho), 
h{t]Uo,ho)) with u{0,x;uo,ho) = uo{x) and /i(0;uo,/io) = (see [5]). Moreover, by com¬ 
parison principle for parabolic equations, {u{t,x;uo,ho),h{t;uo,ho)) exists for all t > 0 and 
Ux{t,h{t)) < 0. Hence h{t-,uo,ho) increases as t increases. 

Equation (HTD with f{t, X, u) = u{a — bu) and a and b being two positive constants was 
introduced by Du and Lin in [6] to understand the spreading of species. A great deal of previous 
mathematical investigation on the spreading of species (in one space dimension case) has been 
based on diffusive equations of the form 

Ut = Uxx + uf{t,x,u), X G M, (1.3) 

where f{t,x,u) < 0 for u S> 1 and fu{t,x,u) < 0 for > 0. Thanks to the pioneering works of 
Fisher ([lOj) and Kolmogorov, Petrowsky, Piscunov m) on the following special case of (11.31) 

Ut = Uxx + u{l - u), X G M, (1.4) 

dm) , resp. m, is referred to as diffusive Fisher or KPP equation. 

One of the central problems for both (II.ip and (II.3p is to understand their spreading dynamics. 
For o, this is closely related to spreading speeds and transition fronts of and has 

been widely studied. When f(t,x,u) is independent of t and x or is periodic in t and x, the 
spreading dynamics for (11.311 is quite well understood. For example, assume that f{t, x, u) is 
periodic in t with period T and periodic in x with period p, and that u = 0 is a linearly 
unstable solution of (jl.3p with respect to periodic perturbations. Then it is known that (11.31) 


t > 0, 0 < X < h{t) 
t > 0, 
t > 0, 

0 < X < ho, 


( 1 . 1 ) 
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has a unique positive periodic solution u*{t,x) {u*{t + T,x) = u*{t,x + p) = u*{t,x)) which is 
asymptotically stable with respect to periodic perturbations and it has been proved that there 
is a positive constant c* such that for every c > c*, there is a periodic traveling wave solution 
u(t,x) connecting u* and u = 0 with speed c (i.e. u{t,x) = (j){x — ct,t,x) for some 
satisfying that (/>(•, • + T, •) = • +p) = (pi-, •, •) and (j){—oo, •, •) = u*{-, ■) and ^(oo, •, •) = 0), 

and there is no such traveling wave solution of slower speed (see [H da [221 EH). Moreover, the 
minimal wave speed c* is of the following spreading property and is hence called the spreading 
speed of ()1.3p : for any given uq G M"'') with non-empty support, 

=0 V c < c* 

li™ix|>c'h,t^oo «o) = 0 V c" > c*, 

where u{t,x]Uo) is the solution of (jl.3p with u(0,x;uo) = uo(x) (see [HIEI])- 

The spreading property (11.51) for (11.31) in the case that f{t, x, u) is periodic in t and x implies 
that spreading always happens for a solution of (II.3p with a positive initial function, no matter 
how small the positive initial function is. The following strikingly different spreading scenario 
has been proved for (jl.ip in the case that f{t,x,u) = f{u) (see [HIS]): it exhibits a spreading- 
vanishing dichotomy in the sense that for any given positive initial data uq satisfying 
and ho, either vanishing occurs (i.e. limt_>.oo/i(t; uq,/ io) < oo and limt_>.oo u(t, x; uq,/iq) = 0) or 
spreading occurs (i.e. limt^ooh{t-,uo,ho) = oo and limt_).oo u(t, x; uq,/ io) = u* locally uniformly 
in X G M'*', where u* is the unique positive solution of f{u) = 0). The above spreading-vanishing 
dichotomy for o with f{t,x,u) = f{u) has also been extended to the cases that f{t,x,u) is 
periodic in t or that f{t,x,u) is independent of t and periodic in x (see [5l|7])- The spreading- 
vanishing dichotomy proved for (HI) in [HEligE] is well supported by some empirical evidences, 
for example, the introduction of several bird species from Europe to North America in the 1900s 
was successful only after many initial attempts (see [I3I29]). 

In reality, many evolution systems in biology are subject to non-periodic time and/or space 
variations. It is therefore of great importance to investigate the spreading dynamics for both 
dEU) and (|1.3I) with general time and space dependent f{t,x,u). The spreading dynamics for 
(jl.3l) with non-periodic time and/or space dependence has been studied by many people recently 
(see [H 121 El[m[l3l|20l[23l[25l[26l[271|3niES] ! etc.). However, there is little study on the spreading 
dynamics for dni) with non-periodic time and space dependence. 

The objective of the current series of papers is to investigate the spreading-vanishing dynamics 
of (|l.ll) in the case that f{t,x,u) is almost periodic in t, that is, to investigate whether the 
population will successfully establishes itself in the entire space (i.e. spreading occurs), or it fails 
to establish and vanishes eventually (i.e. vanishing occurs). Roughly speaking, for given {uq, ho), 
if hoo = hmi_>.oo/i(t; uo,/lo) = oo and for any M > 0, ^^^o<x<M u{t, x; uq, ho) > 0, we 

say spreading occurs. If hoo < oo and limt_>.oo u(t, x; uq,/iq) = 0, we say vanishing occurs (see 
Definition 12.31 for detail). We say a positive number c* is a spreading speed of (II.Ih if for any 
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{uq, ho) such that the spreading occurs, 


h{t;uo,ho) ^ 

t —^OO ^ 

and 

liminf tt(t, x; uq,/iq) > 0 ^ c < c* 

0<x<c t,t^oo 

(see Dehnition 12.31 for detail). 

In this hrst part of the series of the papers, we focus on the study of spreading and vanishing 
dichotomy scenario for (11.11) . Among others, we prove the following spreading and vanishing 
dichotomy: 

• Assume (H1)-(H5) stated in subsection 2.1. For any given uq satisfying (11.21) . either spreading 
occurs or vanishing occurs. Moreover, there is I* > 0 such that for any given uq satisfying 
vanishing occurs if and only if hoo < I* (see Theorem 12.21) . 

To characterize the detailed spreading and vanishing dynamics of we also consider the 

following fixed boundary problem on half line, 

\Ut = Uxx + uf{t,X,u), XG(0, oo) 

|u3,(t,0) = 0. 

Observe that if u*(t,x) is a solution of (II. 6p and uo{x) < m*( 0,x) for x € [0,/io], then 
u{t, x;uo, ho) < u*{t,x) for 0 < x < h{t;uo, ho). Among others, we prove that 

• Assume (H1)-(H5) stated in subsection 2.1. (11.61) has a unique time almost periodic positive 
solution u*(t,x) (see Theorem 12.11) and for any given uo satisfying ()1.2p . if spreading occurs in 
dni), then u{t, x; uo, ho) — u*{t,x) ^ 0 as t ^ oo locally uniformly in x > 0 (see Theorem 12.2p . 

We note that the techniques for mi can be modified to study the following double fronts 
free boundary problem: 


Ut = Uxx + uf{t,X,u), 

u{t,g{t)) = 0,g'{t) = -nux{t,g{t)), 

< u{t, h{t)) = 0, h' (t) = —fiUxit, h{t)), 
u{0,x) = uo{x), 
h{0) = ho, g{0) = go 


t > 0, g{t) < X < h(t), 
t > 0, 
t > 0, 

ho <x < go 


(1.7) 


where both x = g(t) and x = h(t) are to be determined and uq satisfies 

{uo^C‘^{[go,ho]) 

\wo(5o) = uo{ho) = 0 and uq > 0 in {go, ho). 

Under the assumptions (HI), (H2), (HA)*, and (H5) (see section 6 for {HA)*), spreading- 
vanishing dichotomy for (II.7p also holds. In particular, we prove that 
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• Assume (HI), (H2), {HA)*, and (H5). For given /io > 0 and uq satisfying (|1.8I) . either 
hoc — Qoo < oo and limt^^oou{t,x]Uo,hQ,gQ) = 0 uniformly in x, or hoo = —goo = oo and 
liminft_^(X) mf| 3 ,|< 7 v^ it(t, x; no,/iO) 50 ) > 0 for any M > 0 (see Proposition 16.2p . 

In the second part of the series of the papers, we will study the existence of spreading speeds 
for (11.11) and the existence of time almost periodic semi-wave solutions of the following free 
boundary problem associated to (jl.ip . 

Ut = Uxx + uf{t, x,u), t > 0, —00 < X < h{t) 

< n(t,h(t))=0, t > 0, (1.9) 

h'{t) =-fiUx{t,h{t)), t > 0. 

If {u{t,x),h{t)) is an entire solution of (jl.9p . it is called a semi-wave solution of (II.9h . 

The rest of this paper is organized as follows. In Section 2, we introduce the definitions and 
standing assumptions and state the main results of the paper. We present preliminary materials 
in Section 3 for the use in later sections. Section 4 is devoted to the investigation of time almost 
periodic KPP equation (11.61) on the half line and to the proof of Theorem 12.II In Section 5, we 
explore the spreading and vanishing dichotomy scenario of (jl.ip and prove Theorem 12.21 The 
paper is ended with some remarks on spreading-vanishing dichotomy for (11.71) in Section 6. 

2 Definitions, Assumptions, and Main Results 

In this section, we introduce the definitions and standing assumptions, and state the main 
results. 

2.1 Definitions and assumptions 

In this subsection, we introduce the definitions and standing assumptions. We first recall the 
definition of almost periodic functions, next recall the definition of principal Lyapunov exponents 
for some linear parabolic equations, then state the standing assumptions, and finally introduce 
the definition of spreading and vanishing for dlT]). 

Definition 2.1 (Almost periodic function). (1) A continuous function g : M ^ is called 
almost periodic if for any e > 0, the set 

T{e) = {r € M I \ f{t + r) — f{t)\ < e for all t G M} 

is relatively dense in M. 

(2) Let g{t,x,u) be a continuous function of {t,x,u) G M x x M”. g is said to be almost 
periodic in t uniformly with respect to x G M"* and u in bounded sets if g is uniformly 
continuous in f G M, x G M"*, and u in bounded sets and for each x G and u G M”, 
g{t,x,u) is almost periodic in t. 
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(3) For a given almost periodic function g{t,x,u), the hull H{g) of g is defined by 


H{g) = {^(-j •, •) I 3tn — )• oo such that g{t + tn, x, u) — >■ g{t, x, u) uniformly m t G M, 
{x,u) in bounded sets}. 

Remark 2.1. (1) Let g{t, x, u) be a continuous function of (t, x,u) G M x M™' x M”. g is almost 
periodic in t uniformly with respect to x ^ M"* and u in bounded sets if and only if g is uniformly 
continuous in t £ W, x £ M™', and u in bounded sets and for any sequences {/3^} C M, 

there are subsequences {an} C {a„}, {/3n} C {/3„} such that 

lim lim g{t + an + jdm.x.u) = lim g{t + Un + ldn-,x,u) 
n—>-oo m—>-oo n—>-oo 

for each {t,x,u) G M x x M"" (see Theorems 1.17 and 2.10]). 

(2) We may write g{- + t, ■, •) as g ■ t{-, •, •). 

For a given positive constant I > 0 and a given function a{t, x) which is almost periodic 
in t uniformly in x in bounded sets, consider 


Let 


vt = Vxx + a(L x)v, 0 < X < I 
Vxit,0) = v{t,l) = 0. 

Y{l) = {u£C{[0,l])\uil)=0} 


( 2 . 1 ) 


with the norm ||n|| = max^-g^o,/] l^(^)l ^ G ^(0- Let ^ = A acting on Y{1) with T>[A) = 

{u£C\[t),l])f^Y{l)\ 'iix(O) = 0}. Note that ^ is a sectorial operator. Let 0 < a < 1 be such 
that T>{A°^) C Z]). Fix such an a. Let 

X{l)=V{A^). (2.2) 

Then X{1) is strongly ordered Banach spaces with positive cone 

X+(Z) = {n G X{l)\u{x) > 0}. 

Let 

X++(Z) = Int(A+(Z)). 

If no confusion occurs, we may write X{1) as X. 

By semigroup theory (see [S]), for any uq G X{1), ()2.ip has a unique solution v{t,-]Vo,a) 
with u(0,-;no,a) = ?;o(-)- 

For a given positive constant I > 0 and a given function a{t,x) which is almost periodic 
function in t uniformly in x in bounded sets, consider also 


Vt = Vxx + o(L x)v, 0 < X < I 
v{t, 0) = v(t, 1) = 0. 


(2.3) 
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Let 


Y{1) = {u e C([0, 1]) I m(0) = u{l) = 0}. 

Let ^ = A acting on Y{1) with 'D(A) = {u £ C^([0,/]) ny(/)}. Note that ^4 is a sectorial 
operator. Let 0 < a < 1 be such that 'D{A°‘) C (^^([O,/]). Fix such an a. Let 

X{1) = V{A°). (2.4) 


Then, for any uq € X{1), (j2..Sp has a unique solution v{t,--,vo,a) with i;(0,-;uo,a) = uo('). 

Definition 2.2 (Principal Lyapunov exponent). (1) LetV{t,a)vo = v{t,-]vo,a)forvo G X{1) 
and 


A(a, 1) = limsup 

t^OO 


ln||l/(t,a)||x(o 

t 


X{a,l) is called the principal Lyapunov exponent of (12.11) . 


(2) Let 


ln||y(t,a)||^(;) 

A(o, I) = hm sup-^ 

t—^OO t 


where V{t,a)vo = v{t,-]Vo,a) for vq G X(l). X{a,l) is called the principal Lyapunov 
exponent of ()2.3p . 

Let (H1)-(H5) be the following standing assumptions. 

(HI) fit , X, u) is in [t, x, u) £ L>f = (ft, fx, fu) is bounded in {t,x) G M x M and in u in 
bounded sets, and f is monostable in u in the sense that there are M > 0 such that 

sup fit, x,u) < 0 


and 


sup fuit,x,u)<0. 

t£R,x£'M.,u>0 


(H2) fit ,x,u) and Dfit,x,u) = iftit,x,u), fxit,x,u), fuit,x,u)) are almost periodic in t uni¬ 
formly with respect to x G M and u in bounded sets. 

(H3) There is I* > 0 such that A(a(-,-),t) > 0 fori > I*, where a(t,x) = /(t,x,0). 

(H4) There are y* >0 and L* > 0 such that A(a(-, ■ + y),l) >0 for y > y* and I > L*. 

(H5) For any given sequence {y^} C M and {§„} C Hif), there are subsequences {yn\ C {y^} 
and {pn} C {g„} such that lim^^oo fl'n(L x+yn, u) exists uniformly int £M. and (x, u) in bounded 
sets. 

Assume (HI) and (H2). We remark that, if /(t,x,u) = /(t, u), then (H3) (resp. (H4)) holds 
if and only if limi_>.cxD y /q /(s, 0)(is > 0 (see Lemma [33] for the reasoning). If fit, x, u) = fit, u) 
or fit,x,u) is periodic in x, (H5) is automatically true. 
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Consider Throughout this paper, we assume (HI) and (H2). For any given uq satisfying 

(jl.2h . (II.Ih has a unique solution {u{t,x]Uo,ho),h{t-,uo,ho)) with u(0, x; uq,/ lo) = uo{x) and 
/i(0;uO)^o) = ho (see [5]). By comparison principle for parabolic equations, u{t,x]Uo,ho) exists 
for all t > 0 and Ux{t,x]Uo,ho) < 0 for t > 0. Hence h{t‘,uo,ho) is monotonically increasing, 
and therefore there exists h^o G (0, +oo] such that limt_^_|_oo h(t‘, uq, ho) = hoo- 

Definition 2.3 (Spreading-vanishing and spreading speed). Consider (11.111 . 

(1) For any given uo satisfying (II.2p . let hoc = limt_).oo h{t; uq, ho). It is said that the vanishing 
occurs if hoo < oo and limt_^oo ||^(i) S'*^0; ^o)||c([o,fc(t)]) = 0- ht is said that the spreading 
occurs if hoo = oo and liminft_>.oo n(t, x; uq,/ lo) > 0 locally uniformly in x ^ [0,oo). 


(2) A real number c* > 0 is called the spreading speed of (|l.ll) if for any {uo,ho) such that 
is satisfied and the spreading occurs, there holds 


and 


h{t]Uo,ho) * 
lim -= c 

t^OO t 


liminf u{t,x]Uo,ho) > 0, Vc <c*. 

0<x<c 


Biologically, spreading means that the free boundary x = h{t] uq, ho) goes to infinity as t ^ oo 
(i.e., hoo = oo), and population u{t,x;uo,ho) successfully establishes itself in the entire space. 
On the other hand, vanishing means that the free boundary fails to move eventually, and the 
population fails to establish and vanishes eventually. 


2.2 Main results 

In this subsection, we state the main results of this paper. The first theorem is about the 
existence of time almost periodic positive solution of (|1.6I) . 

Theorem 2.1 (Almost periodic solutions). Consider dESI) and assume (HI)-(H5). Then there is 
a unique time almost periodic positive solution u*{t, x) of ()1.6p and for any uq € C'^jjj£([0, oo), M"'') 
with in4g[o,oo) «o(a^) > 0, 

^lim \\u{t, •; uo) - u*{t, •)||c([0,oo)) = 0, 

where u{t,x;uo) is the solution of ()1.6p with u{0,x]Uo) = uo{x). If, in addition, f{t,x,u) = 
f{t,u), then u*{t,x) = V*{t), where V*{t) is the unique time almost periodic positive solution 
of the following ODE, 

u = uf{t, u). (2.5) 

The following theorem is about the spreading and vanishing dichotomy of dni). 

Theorem 2.2 (Spreading-vanishing dichotomy). Assume (H1)-(H5). For any given ho > Q and 
uo(') satisfying (jl.2ll . the following hold. 




(1) Either 

(i) hoo < I* and limt_^+oo u{t, x; uq, ho) = 0 
or 

(a) hoo = oo and limt^oo[u{t,x]Uo,ho) — u*{t,x)] = 0 locally uniformly for x G [0,+oo), 
where u*{t,x) is as in Theorem \2. 1[ 

(2) If ho > I*, then hoo = oo. 

(3) Suppose ho < I*. Then there exists fi* > 0 such that spreading occurs if p, > yi* and 
vanishing occurs if yi < pL*. 

We remark that similar results as those in Theorems 12.11 and 12.21 hold for (11.71) (see Proposi¬ 
tions 16.11 and 16.2j) . 


3 Preliminary 

In this section, we present some preliminary results to be applied in later sections, including basic 
properties for principal Lyapunov exponents (see subsection 3.1), non-increasing property of the 
so called part metric associated to diffusive KPP equations in both bounded and unbounded 
domains (see subsection 3.2.), the asymptotic dynamics of diffusive KPP equations with time 
almost periodic dependence in fixed bounded environments (see subsection 3.3), and comparison 
principles for free boundary problems (see subsection 3.4). 


3.1 Principal Lyapunov exponents 


Consider (j2.1h . Let X = X{1), where X{1) is as in (12.2p . We denote by || • || either the norm in 
X or in £(X,X). Recall that for any vo G X, (12.ip has a unique solution v{t, •;uo,a) and 


A(a, 1) = limsup 

t^OO 


ln||K(t,a)||x(o 


where V{t,a)vo = v(t,-]Vo,a). For any b G H{a), consider also 

{ vt = Vxx + b{t, x)v, 0 < X < I 
Vx{t,0) = v{t,l) = 0 . 

For any vo G X, (I3T]) has also a unique solution v{t,--,vo,b) with v{0, ■;vo,b) = vo{-). 
Lemma 3.1. There is 4>^ : H{a) ^ X~^~^ satisfying the following properties. 

(i) 110^(6)11 = 1 for any b £ H{a) and cjf ; i7(o) —)■ X++ is continuous. 

(ii) v{t,-](j)'-{b),b) = \\v{t,-](j)^{b),b)\\(p''{b{-+ t,-)). 

(Hi) limi_j.oo (fe)A)ll _ uniformly in b £ H{a). 
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Proof. It follows from [16] (see also [T8l[28|). □ 

Lemma 3.2. A(a,/) is a monotone increasing function of a and 1. 

Proof. For any fixed a, suppose 0 < < I 2 . Note that v{t,-,(jf^{a),a) and v{t,-,(l)^^{a),a) are 

solutions for the following problems, respectively, 

\vt = Vxx + x)v, 0 < X < ll 


Vxit,0) = v{t,li) = 0 


and 


\vt = Vxx + a{t, x)v, 0 < X <l 2 

= v{t,l2) = 0 . 

Choose 0 < e -C 1 such that (j)’'^{a) > on [0,/i]. Then, by comparison principle for 

parabolic equations, we have that 

v{t, x; ecj}^ (a), a) < v{t, x] (a), a) V 0 < x < /i. 

By Lemma l3.II and a priori estimates for parabolic equations, we have that 

In \\v{t, ■,cl)^^{a),a)\\x(i 2 ) 


A(a, I 2 ) = lim 


> lim 

t—>-oo 


= lim 

t—)-oo 


ln||u(t,-,e(/»^i (q),q)IU(;i) 
t 

lne + ln||u(t,-,0^1 (a), a)||x(Zi) 


=X{a,li) 

Thus, A(a, 1) is a monotone increasing function of 1. 

If we fix I, we can use comparison principle and a priori estimates for parabolic equations 
again to get that X{a,l) is a monotone increasing function of a. □ 

In the following, if no confusion occurs, we will write (j)\b) as (j){b). 

Lemma 3.3. A(a, Z) is continuous in a. 

Proof. For any k > 1, Consider the following problem 

{ vt = Vxx + v{a{t, x) ± ^), 0 < X <l 

Vxit,0) = v{t,l) = 0. 

Note that x; ^(o), a) is a solution of (|3.2I) . It follows from Lemma [3T] that 

^ k ^ t^oo t k 

=A(a, Z) ± 

Let k —>■ 00 , we can get that A(a ± ^,Z) — A(a, Z) —)■ 0. This together with Lemma 13.21 implies 
that A(a, Z) is continuous in a. □ 


(3.2) 
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Lemma 3.4. Suppose that a{t,x) = a{t). Then 


A(a, 1) — a + Ao(^), 


(3.3) 


where a = \ fg a(s)ds and Xo{l) is the principal eigenvalue of 

{ Uxx = Xu, 0 < X < I 
UxiO) = u{l) = 0. 

Proof. Let v{t,x) = v{t,x)e~ -^o . Then (I2.ip becomes 

\vt = Vxx, 0 < X <l 
\hx(L 0 ) = v{t,l) = 0 . 

It then follows that A(a,/) = a + A(0,/). It is clear that A(0,/) = Ao(/). The lemma then 
follows. □ 

Remark 3.1. Let a{t, x) be a given function which is almost periodic function in t uniformly 
in X in bounded sets and 7 € M. Consider 


vt = Vxx + JVx + a{t, x)v, 0 < X < / 
v{t, 0 ) = v{t, 1) = 0 . 


(3.4) 


Let X{1) be as in ()2.4p . Then, for any xq G X{1), ()3.4p has a unique solution v{t,-]Vo,a) with 
v{0,--,vo,a) = vo{-). Let 

r, ln||y(La)||^(;) 

A(a, 7 , 1) = iim sup- 

t—>oo t 

where V{t,a)vo = v{t,-;vo,a). A(a, 7 ,/) is called the principal Lyapunov exponent of (13.4p . 
Principal Lyapunov exponent theory for m also holds for (13.4p . In particular, A(a, 7 ,/) is 
continuous in a and 7 . 


3.2 Part metric associated to diffusive KPP equations 

In this subsection, we present the non-increasing property of the so called part metric associated 
to (II. 6 p . and the following diffusive KPP equations with time almost periodic dependence in 
fixed bounded domain, 

\ut=Uxx + uf{t,X,u), 0<X<1 

|u 2 ;(t, 0 ) = u{t,l) = 0 . 

Throughout this subsection, we assume (HI) and (H2). Let 

^(/) = cl{/(- + r, •,•) |r G M}, 

where the closure is taken in the open compact topology. Observe that for any g G H{f), g also 
satisfies (HI) and (H2). 


II 



First, consider (13.51) . For given g G H{f), we also consider 


\ut = uxx + ug{t,x,u), 0<x<l 
|ua;(t,0) = u{t,l) = 0 

Let X{1) be as in (12.2j) . By semigroup theory, for any g G H{f) and uq G X{1), (j3.6j) has a 
unique (local) solution u{t, x;uo, g) with u{0, x;uo, g) = uo{x). Note that u{t,x]Uo, s) := u{t — 
s, x; uo,/(• + s, •, ■)) is the solution of (13.51) with u{s,x]Uo, s) = uo{x). By (HI) and comparison 
principle for parabolic equations, if uq G X+(/), then u{t, •; uo,g) exists and u{t, ■;uo,g) G X^{1) 
for all t > 0. Moreover, if uq G X~^{1) \ {0}, then u{t, ■■,uo,g) G X^~^{1) for t > 0. 

For any ui,U 2 G X++(/), we can define the so called part metric, p{ui,U 2 ), between ui and 
U 2 , as follows, 

p(tti,tt 2 ) = infilna I a > 1, —ui(-) < U 2 (-) < aui(-)}. (3.7) 

a 

Note that if ui,U 2 G X'^~^{1), then u{t, ■;ui, g) G X~^^{1) (i = 1,2) for any f > 0 and g G H{f). 
Hence p{u{t,-;ui,g),u{t,-]U 2 ,g)) is also well defined. 

Next, consider (11.61) and consider also 


for all g € H{f). 
Let 


ut = Uxx + ug{t, x,u), 0 < X < oo 

Ux{t,0) = 0 


(3.8) 


X = {u £ C([0, oo)) I u is uniformly continuous and bounded on [0, oo)} (3.9) 
with norm ||u|| = sup^-gjo.oo) l^(®)l 

X+ = {u £X\u{x) > 0}, 

X~^^ = {u G X I inf u(x} > 0}. 

Note that X^~^ is not empty and is an open subset of X~^. By semigroup theory (see [21])) for 
any g G H{f) and uq € X, (13.8p has a unique solution u{t,x]Uo, g) with u{0,x]Uo, g) = uo(x). 
By (HI) and comparison principle for parabolic equations, if uq G X+, then u{t,-]Uo,g) exists 
and u{t, ■■jUq, g) G X+ for all f > 0. Moreover, if uq G X++, then u{t, g) G X^^ for all 
t > 0 . 

For given ui,U2 G X+''', we can also define the part metric, p{ui,U2), between ui and U2 as 
follows, 

p(ui,U 2 ) = infllno: I a > 1, — ui(-) < U 2 {-) < aui(-)}. 

a 

Note that if ui,U 2 G X+''', then p{u{t, ■;ui, g),u{t, ■;u 2 , g)) is well defined for t > 0. 

We now have the following proposition about the non-increasing of part metric. 
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Proposition 3.1. (1) Consider (|3.6I) and let u{t,-]Uo,g) denote the solution of (13.611 with 

u{0,--,uo,g) = uo(-) G X(l). For given uo,Vo G X++{1) withuQ vq, p{u{t,-]Uo,g),u{t,--vo,g)) 
is strictly decreasing as t increases. 

(2) Consider (j3.8p and let u(t, -luo, g) denote the solution of (j3.8p with u{0, ■■,uo, g) gX. 

(i) Given any uqjVq G X++ and g G H{f), p{u{t,-;uo,g),u{t,-]Vo,g)) decreases as t 
increases. 

(a) For any e > 0, a > 0, M > 0, and r > 0 with e < M and cr < In there is 5 > 0 
such that for any g G H{f), uq, vq G X++ with e < uo{x) < M, e < vo(x) < M for x G M+ 
and p{uo,vo) > cr, there holds 

p{u{T,--,uo,g),u{T,--,vo,g)) < p{uo,vo) -6. 

Proof. The proposition can be proved by the similar arguments as in m Proposition 3.4]. For 
the completeness, we provide a proof in the following. 

(1) For any uo,vo G X~^~^(l) with uq / vq, there is a* > 1 such that p(uo,vo} = In a* and 
< uo < a*uo. By comparison principle for parabolic equations, 

u(t,-;vo,g) < u(t,-;a*uo,g) for t > 0. 


Let 

We then have 


v(t,x) = a*u(t,x;uo,g}. 


vt(t,x} = Vxx{t,x) + v{t,x)g{t,x,u{t,x-,uo,g)) 

= Vxx{t,x) + v{t,x)g{t,x,v{t,x)) + v{t,x)g{t,x,u{t,x;uo,g)) - v{t,x)g{t,x,v{t,x)) 
> Vxxit, x) + v{t, x)g{t, X, v{t, x)) for all t > 0, 0 < x < I, 


and 

Vx{t, 0) = 0, v{t, /) = 0 for all t > 0. 

By strong comparison principle for parabolic equations, 

u{t,x‘,a*uo,g)<a*u{t,x‘,uo,g) for 0<x<l. 
Then by Hopf lemma for parabolic equations, there is a* < a* such that 

u{t,x]a*uo,g)<a*u{t,x]Uo,g) for 0<x<l 


and hence 

u{t,-]vo,g) < a*u{t,--uo,g) 


13 


for f > 0. Similarly, we can prove that 


—u{t,-;uo,g) < u{t,--,vo,g) 
a* 

for some a* < a* and t > 0. It then follows that 

p{u{t,--uo,g),u{t,-;vo,g)) < p{uo,vo) for all t > 0 


and then 

p{u{t2,-;uo,g),u{t2,-;vo,g)) < p{u{ti,--,uo,g),u{ti,--,vo,g)) for all 0 < h < t2. 

(2) (i) It follows from the arguments in (I). 

(ii) Let e > 0, (T > 0, M > 0, and r > 0 be given and e < M, cr < In First, we claim that 
there are ei > 0 and Mi > 0 such that for any g € H{f) and uq G X++ with e < uq{x) < M for 
X G M"*", there holds 


ei < u{t, X] uo, g) < Mi for all t G [0, r], x G 

In fact, let M > 0 be such that f{t,x,u) < 0 for n > M. Then for 0 < e < max{e, M}, 
u(t,-]u^,g) < M for all t > 0 and g G H{f), where Ui{x) = e. Note that g{t,x,u) > a = 
infjg]^ 3 ,g]g+ f{t,x,M) for u < M. Hence by comparison principal for parabolic equations, 

M > u{t, x; Ue, g) > e“*e for all t > 0, x G 


The claim then follows. 

Let 

5i = sup gu{t,x,u). 

,t€ [0,r] ,xGR+, u€ hi ,MiM/e] 

Then di > 0 and there is 0 < ri < r such that 


and 


<^1 

yTi < e ei 


6i , . 6i . \ 

—tvgu{t,x,w) + —tg{t,x,v - —t) 


<h 

“ 2 


for all g G H{f), t G [0,ri], x G M"'', v,w ^ [0, Mi M/e]. Let 

diTi 


52 = 


2Mi 


Then 62 < e®" and 0 < ^ < I. Let 


5 = - In (I - —). 

t A/T / 


M- 

Then 6 > 0. We prove that 5 defined in (I3.13P satisfies the property in the proposition. 


(3.10) 

(3.11) 

(3.12) 

(3.13) 
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For any uq, vq £ X++ with e < no(x) < M and e < no(a;) < M for x € and p{uo, no) > cr, 

there is a* > 1 such that p{uq,vq) = In a* and -^uq <vq< q*uq. 

Note that < a* < —. Let 

— — e 

v{t, x) = a*u{t, x; uo,g) 


vt{t,x) = Vxx{t,x) + v{t,x)g{t,x,u{t,x-,uo,g)) 

= Vxx{t,x) + v{t,x)g{t,x,v{t,x)) + v{t,x)g{t,x,u{t,x]Uo,g)) - v{t,x)g{t,x,v{t,x)) 
> Vxxit, x) + v{t, x)g{t, X, v{t, x)) + (5i VO < t < ti, x £ M'*'. 


This together with ()3.10p . ()3.11l) implies that 

(v(t,x) - ^t)t > {v{t,x) - + {v{t,x) - ^t)g[t,x,v{t,x) 

for 0 < t < Ti. Then by comparison principle for parabolic equations, 

u{t,-;a*uo,g) < a*u{t,-',uo,g)——t for 0 < t < ri. 


By (I3T2D, 


u{Ti,-;vo,g) < {a* - (52)n(ri, •; mq, ff)- 



Similarly, it can be proved that 


—u{Ti,--,uo,g) < u{Ti,-]Vo,g). 
02 


It then follows that 


p{u{Ti,--,uo,g),u{Ti,-;vo,g)) < ln(a* - 62 ) = Ina* + ln(l 


a* 


) < p{uo,vo) - 6. 


and hence 


p{u{r,-;uo,g),u{T,--,vo,g)) < p{u{ti, ■;uo, g),u{Ti,-^ vq, g)) < p{uo,vo) -6. 


□ 


3.3 Asymptotic dynamics of diffusive KPP equations with time almost peri¬ 
odic dependence on fixed bounded domain 

In this subsection, we consider the asymptotic dynamics of (I3.5p . Throughout this section, we 
assume that / satisfies (HI) and (H2). 

Let X{1) be as in (j2.2p and u{t, ■■,uo, g) be the solution of (|3.6I) with u(0, •; uq, 5 ) = uo(')- 
Observe that (13.61) generates a skew-product hemodynamical system, 

Ut:X+il)xHif)^X+il)xH{f) 
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of the following form; 


^t{uo,9) = {u{t,-,uo,g),gt) V{uo,g) G ^^(0 x H{f). 

The system 11* is strongly monotone in the sense that u{t,-]Uo,g) u{t, ■;vo, g) for any 0 < 
Uq < Vq with uo 7 ^ Vo and any f > 0, where we write Uq "C Vq if Vq — Uo € X++(/). 

Proposition 3.2. Let a(t,x) = f{t,x,0). 

(1) If X{a,l) < 0 , then for any uq G X^{1), ||ri(t, •;tto,5)|| —>■ 0 as t —>■ oo uniformly in 
g G H{f). In particular, ||tt(s + f, •; rto, s)|| —>■ 0 as f —>■ oo uniformly in s G M. 

(2) If X{a,l) > 0, then there exists : II{f) —>■ X~^^{1) such that u\g) is continuous in 
g G II{f), u{t,--u\g),g) = u\g ■ t){-) for any g G II{f), and for any uq G X+{1) \ {0}, 

\\u{t,-;uo,g) -u{t,-;u^{g),g)\\ 0 

as t ^ oo uniformly in g ^ H{f). In particular, u*'\t,x) := u{t,x;u\f), f) is almost 
periodic in f G M and for any uq G X^{1) \ {0}, 

||n(s + t, •; no, s) - n*’^(s + t, 011 “^0 

as t ^ oo uniformly in s G M, where u{s + t, •; no, s) = n(f, -^uq, /(• + s, •, •))• 

The proposition follows from 13 Theorem A]. For completeness, we provide a proof in the 
following. 

Proof of Proposition 12.21 (1) Let b{t,x) = g{t,x,0) for any g G Hif)- Since X{a,l) < 0, it is 
well known that ||n(f, x; (0^(6), 6)|| ^ 0 as f —>■ oo, where n(f, x; 0^(6), 6) is the solution of (|3.1I) 
with n(0, •; (0^(6), 6) = (p\b) and (p\b) is as in Lemma [3Tl For any no G A+(/), we can choose 
M > 0 such that no < M(jf{b) for x G (0,/). It follows from comparison principle for parabolic 
equations that 0 < u{t,x,uo, g) < Mv{t,x,(j)^{b),b) for x G [0,/]. This together with a priori 
estimates for parabolic equations implies that ||n(t, ■,uo,g)\\ —0 as t ^ oo. 

(2) Choose ^ > 0 such that A(a, l)—f >0. Let d{t, x) = /(t, x, 0) — ^ and : H{a) ^ A++(/) 
be as in Lemma EH For any g G Hif), we choose b G Lf(o) such that b{t,x) = g{t,x,0) — 
Let v{t,x]ff{b),b) be the solution of 

{ vt = Vxx + b{t, x)v, 0 < X < I 
Vx{t,0) = v{t,l) = 0 

with n(0, x; f)’'(b), b) = (f’‘(b){x). 

Since A(a, 1) = A(a, ^) — .^ > 0, we can find T > 0, such that 

||n(r,-;^'(6),6)|| >1 'dbGH{a). 
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Choose 0 < e <?; 1 such that for any g € H{f), 

ug{t,x,u) > {g{t,x,0) — ^)u for 0 < « < sup \\v{t,-;e(l)\b),b)\\. 

0<t<T 

Using comparison principle for parabolic equations we obtain that v{t, •; ecfi(h),b){^ < t < T") is 
a subsolution of the problem (|3.6h . We then have 

u{T,-;e(j)'-(b),g) > ecji^br) 

and then 

u{nT, ■;€(!)'■ (b),g) > ecflibnT)- 

Let oj{e4>\a), f) be the w-limit set of nt(e0^(a), /). We then have u]{e(l)\a), f) C x H{f). 

We claim that for any g G H{f), there is unique u\g) € X++(/) such that {v}{g),g) G 
uj{e(p\a), f). In fact, if there is 5 G H{f) such that there are ui,U 2 G with {ui,g) G 

(jj{e(l)\a), f) and ui ^ U 2 , then {u{t,-]Ui,g),gt) G uj{e(j)\a), f) for all t G M. By Proposition 
EHi), there is poo > 0 such that p{u{t,--,ui,g),u{t,-]U 2 ,g)) —>■ Poo as t —>■ — 00 . For any 
tn —>■ — 00 , without loss of generality, assume that gt^ g* and u{tn-]Ui, g) —>■ u*. Then 

u{t,-]u*,g*) = lim u{t + tn,-^Ui, o) 

n—>-oo 

and 

p{u{t, -^ul,g*),u{t, -^u^,g*)) = lim p{u{t + tn, ■;ui,g),u{t + tn, ■;u 2 ,g)) = Poo 

n^oo 

for all t G M, which contradicts to Proposition l3.1I li. Therefore, the claim holds and : 
H{f ) —>■ X^~^ is continuous. In particular, u*’\t,x) = u{t,x;u'‘{f), f) is an almost periodic 
solution. Moreover, by the above arguments, for any uq G X^~^, u]{uQ,f) = u){e 4 >\a), f) and 
then 

lim \\u{t,-;uo,f) - u*’^{t,-)\\ = 0 . 

r—>-oo 

□ 


3.4 Comparison principal for free boundary problems 

In order for later application, we need a comparison principle which can be used to estimate 
both u{t,x) and the free boundary x = h{t). 

Proposition 3.3. Suppose that T G (0, 00 ), h G C^([0,T]), u G C{D^) n with = 

{(t, x)GM^:0<t<T, 0<x< h{t)}, and 

ut > Uxx + uf{t, x,u), t > 0,0 < X < h{t) 

< h'(t) > —pux{t,h{t)), t > 0, 

^Ux(t, 0) < 0, u(t, h(t)) = 0, t > 0. 

hf ho < h{0) and uo{x) < u(0, x) in [0, ho], then the solution {u, h) of the free boundary problem 
dEU) satisfies 

h{t) < h{t) for all t G (0,T], u{t,x) < u{x,t) for t G (0,T] and x G (0,h(t)). 
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Proof. The proof of this Proposition is simiiar to that of Lemma 3.5 in and Lemma 2.6 in 

[U. □ 

Remark 3.2. The pair (u, h) in Provosition \‘J.‘J[ is called an upper solution of the free boundary 
problem. We can define a lower solution by reversing all the inequalities in the obvious places. 

Proposition 3.4. Suppose that T € (0,oo), g,h € C^([0,T]), u € C{Dlf) n with 

Dlf = {{t,x) € : 0 < t < T,g{t) < x < h{t)}, and 

Ut > Uxx + uf{t, X, u), t > 0, g{t) < X < h{f) 

< u{t,h{t)) = 0,h'(t) >—p.Ux{t,h{t)), t>0 

^u{t,g{t)) = 0,g{t) < -pux;it,g{t)), t > 0. 

If [go, ho] C [5(0),h(0)] and uo{x) < u{0,x) in [go, ho], then the solution {u,g,h) of the free 
boundary problem (HZD satisfies 

g{t) > g{t),h{t) < h(t) for all t G (0,T], u{t,x) < u{x,t) for t € (0,T] and x G {g{t), h(t)). 

Proof. The proof of this Proposition oniy requires some obvious modifications as in Proposition 

[331 □ 

Proposition 3.5. For any given ho > 0 and uo > 0, {u{t,x',uo,ho),h{t\uo,ho)) exists for all 
t > 0. 

Proof. The proof is simiiar to that of Theorem 4.3 in H!- □ 

Remark 3.3. From the uniqueness of the solution to dni) and some standard compactness 
argument, we can obtain that the unique solution [u, h) depends continuously on uo and the 
parameters appeared in dni). 

4 Asymptotic Dynamics of Diffusive KPP Equations on Fixed 
Unbounded Domain and Proof of Theorem 12.11 

In this section, we consider the asymptotic dynamics of (II.6p and prove Theorem l2.ll Through¬ 
out this section, we assume that / satisfies (H1)-(H5). We iet X be as in (13.9p and u{t, ■■,uo,g) 
be the soiution of (|3.8I1 with u{0, ■;uo, g) = 'Uo(-) G X. The main resuits of this section are 
stated in the foiiowing proposition. 

Proposition 4.1. Assume (H1)-(H5). There is u* : H{f) —)• X'^~^ satisfying the following 
properties. 

(1) (Almost periodicity in time) u*{g){x) is continuous in g € H{f) in open compact topology 
with respect to x (that is, if gn ^ 9 in H{f), then u*{gn){x) —>■ u*{g){x) locally uniformly 
in x) and u{t,x;u*{g),g) = u*{g ■ t){x) (hence u*{g ■ t){x) is an almost periodic solution 
of (I33I)y[- 
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(2) (Stability) For any uq G X++ 


\\u{t,-]Uo,g) -u*{g{- +t,-,-)){-)\\j^ 0 

as t ^ oo uniformly in g £ H{f). 

(3) (Uniqueness) For given g G H{f), ifu*(t,x) is an entire positive solution of (|.S.8[) . and 
inftgR,xeR+ x) > 0, then u*{t, x) = u{t, x; u*{g),g). 

(4) (Spatial homogeneity) If f(t,x,u) = f(t,u), thenu*{g){x) is independent ofx andV*{t]g) = 
u*(g ■ t) is the unique time almost periodic solution of 

ut = ug{t,u). (4.1) 

Proof of Theorem \2. 1[ Let u*{t, x) = u*{f-t){x), where u*{f-t) is as in ProDosition l4.ll Theorem 
12.11 then follows. □ 

We remark that the existence and uniqueness of positive solutions which are bounded away 
from 0 of KPP equations in heterogeneous unbounded domains have been studied in [2] (see [21 
Propositions 1.7, 1-8]). The almost periodicity and stability results in Proposition 14.II are new. 
To prove Proposition 14.11 we first prove two lemmas. 

For any L > L* and y > y*, consider 

\ut = u,ox + ug^it,x,u), 0<x<L 
|tt(t,0) = u{t,L) = 0, 

where gy{t,x,u) = g{t,x + y,u) for 0 < x < L. By (H4), X{gy {■,-,0), L) > 0 for y > y*. Then 
by the arguments of Proposition 13.21 (14.21) has a unique time almost periodic positive solution 
u*{t,x; g,y, L). Note that 


u*{t, x; g, y, L) = u*{0, x;g -t, y, L). 
Lemma 4.1. Assume (H1)-(H5). Fix a L > L*. Then 

inf u*{0,x;g,y,L) > 0. 

y>y*,L/4<x<3L/4.,gGH{f) 


(4.3) 


Proof. Assume that (14.31) does not hold. Then there are yn > y*, g-n ^ H{f), and Xn G 
[L/4,3L/4] such that 

lim U*{0,Xn]gn,yn,L) = 0. 
n—^oo 


By (H5), without loss of generality, we may assume that 

gn"{t,x,u) g*{t,x,u) 
uniformly in t G M and (x, u) in bounded sets. 
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Let an{t,x) = gn'^{t,x,0) and a*{t,x) = g*{t,x,0). By (H2), g* is almost periodic in t. Then 

X{an, L) X(a*, L) 

and hence X{a*,L) > 0. Note that for any e > 0, 

g^{t, x,u) > g* {t,x,u) — e V n S> 1, 0 < x < L. 


and 

\ut = Uxx + u{g*{t,x,u)-e), 0<x<L 

0) = u{t, L) = 0 

has a unique positive almost periodic solution u^{t,x) with > 0- By 

comparison principle for parabolic equations, we have 

u*{t,x-,gn,yn,L) >u^{t,x) V n > 1. 


This implies that 


U (^0, Xn'j grij Vn^ L') 0 


as n —)■ oo, which is a contradiction. Hence 


inf 

y>y* ,I//4<3;<3L/ 4,g£H (/) 


u*{0,x-,g,y,L) > 0. 


□ 


Lemma 4.2. Assume (H1)-(H5). Let uq = M(S> 1). Then u{t,-]Uo,g ■ {—t)) decreases as t 
increases. Let u*{g){x) = limt^oou{t, x]Uo, g ■ {—t)) for x € [0,oo). Then u{t,--,u*{g),g) = 
u*{g • t){-) and m4gR+,geH(/) u*{g){x) > 0. 

Proof. First of all, by comparison principle for parabolic equations, we have u{t, -luo, g) < uq 
for any t > 0 and g G H{f). Hence 

u{t + s,-]UQ,g ■ {-t - s)) = u(t,-;u(s,-;uo,g ■ (-t - s)),g- (-t)) < u(t,-;uo,g- (-t)) 
for any t,s > 0. Therefore, u(t, •; uo,g ■ (—t)) decreases as t increases. Let 

u*{g){x) = lira u{t, x;uo, g ■ {—t)) VxG[ 0, oo). 

t—>-oo 

Next, for any g G H{f) and y > y*, 

u{t,x + y;uo,g- {-t)) > u*{t,x-,g- {-t),y,L) V 0 < x < L. 

It then follows that lriix-^y*j^L/ 4 :,geH{f) u*{g){x) > 0. Choose I > y* + L/A and hx it. By 
Proposition 13.21 

u{t,x‘,uo,g ■ (—t)) > u\g){x) for 0<x<l. 
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Note that 


It then follows that 


Now, note that 


inf uHg){x) > 0. 

g&H{f),0<x<y*+L/A 


inf u*{g){x) > 0. 

x>0,g€H{f) 


u(s, x; uq, g ■ {—s)) —>■ u*{g){x) as s —>■ oo 
uniformly in bounded sets. This implies that 


u{t,x;u*{g),g) = lim u{t,x;u{s,-]Uo,g ■ i-s)),g) 

S^OO 

= lim a(t + s, x; uo, <7 • (—s)) 

S^OO 

= lim u{t + s, x; uq, {g ■ t) ■ {—t — s)) 

s—>-oo 

= u*{g-t){x) 

uniformly in bounded sets. The lemma is thus proved. □ 

Proof of Proposition \4-l\ (1) Let u*{g) be as in Lemma 14.21 for g G H{f)- We prove that 
g !->■ u*{g) satishes the conclusions in (1). 

First, assume that gn ^ g* ss n ^ oo. By regularity and a priori estimates for parabolic 
equations, there is —>■ oo such that 


u*{gntf){x) u**{x) 

uniformly in bounded sets. We prove that u**{x) = u*{g*){x). Suppose that u**{x) ^ u*{g*){x). 
Note that u{t,x;u**,g*) and u(t,x;u*{g*),g*) exist globally (i.e. exist for all t G M) and 

ini u{t, x; u**,g*) > 0, inf u{t,x-,u*{g*), g*) > 0. 


Therefore, 


sup p{u{t, , g*),u{t, -^u*(g*), g*) < oo 
teK 


and there is p* > 0 such that 

Then by Proposition 1,3.11 21. for any r > 0 there is 5 > 0 such that 

P* < p{u{-nT,-;u**,g*),u{-nT,-;u*{g*),g*)) - n6 for n G N. 


Letting n ^ oo, we get a contradiction. Hence u**{-) = u*{g*){-) and u*{g){x) is continuous in 
g in open compact topology with respect to x. 

Next, by Lemmawe have that, for any g G H{f), u{t, ■;u*{g),g) = u*{g ■ 
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We prove now that u*{g ■ t){x) is almost periodic in t uniformly in x in bounded sets. Note 
that for any given {a„} C M and {/3„} C M, there are {an} C {«„} and {Pn} C {/3„} such that 
lim„_^oo limrn^oo 9{t + On + /3m, X, u) = lim^^oo g{t + «„ + /3n, X, u) for (t, x, u) G Assume 
\\mm-,oog{t + l3m,x,u) =g*{t,x,u) and g**{t,x,u) = limn^oo g{t + an + /3n,x,u). It then follows 
that 

lim u{t + l3m,x-,u*{g),g) =u*{g* ■ t){x) 

m—)-cx) 

uniformly in x in bounded sets, 


lim lim u{t + Un + f3m,x;u*{g),g) 

n—^oo m^oQ 


lim u{an,x-u*{g* ■t),g* -t) 

n—^oo 

lim u{t,x]u*{g* ■ an),g* ■ On) 

n—^oo 

n*ig**-t){x) 


uniformly in x in bounded sets, and 


lim u{t + an + /3n,x;u*{g),g) = u*{g** ■t){x) 

n^oo 

uniformly in x in bounded set. Therefore lim„_,.oo lirnm-^-oo ^{t+an+fimi x] u*{g),g) = lim„_,.oo u{t+ 
otn + jdn, x; u*{g),g). By regularity and a priori estimates for parabolic equations, u{t, x\ u*{g),g) 
is uniformly continuous in t G M and x G Hence, u*{g-t){x) is almost periodic in t uniformly 
in X in bounded set. 

(2) For any uq G and g G H{f). By Proposition 1,1.11 2). p{u{t,-^ uq, g),u*{g ■ t){-)) 

decreases as t increases. It suffices to prove that p{u{t,--,uo,g),u*{g = 0. Suppose 

that this is not true. Then there are tn oo, g* G H{f), u**,u** G with u** ^ u** such 
that g ■ tn ^ g*, u*{g ■ tn){x) u**{x) and u{tn, ■;uo,g) —>■ u**{x) locally uniformly in x > 0. 
Note that u{t, -^u**, g*) and u{t, -^u**, g*) exists for all t G M, 


sup p{u{t, ■;u**, g*),u{t, -lu**, g*)) < oo, 
teK 

and there is p* > 0 such that 

p{u ,u ) = p . 

By the arguments in (1) and Proposition 13.11 2). u** = u**, a contradiction. Therefore 


lim p{u{t,--uo,g),u*{g ■t){-)) = 0 

t—)-oo 

and then 

lim \\u{t,x;uo,g) - u*{g){x)\\j^ = 0 

uniformly in g G H[f). 

(3) Suppose that u*{t,x) is an entire positive solution of (13.Sp . and inf^gjg 2 ,g]jj+ u*{t,x) > 0. 
Assume u*(0, x) ^ u*{g){x). By the arguments in (1) and Proposition I3.1lf 2b there is (5i > 0 
such that 

p{u*{0,-),u*{g){-)) < p{u*{-n,-),u*{g ■ (-n))(-)) - ndi 
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for n > 1. Letting n ^ oo, we get a contradiction. Therefore ■u*(0,a:) = u*{g){x) and then 
u*{t, x) = u*{g ■ t){x). 

(4) It follows from the fact that, if f{t,x,u) = then for uq = M, u{t, x-,uo, g) is 

independent of x. □ 

5 Spreading-Vanishing Dichotomy in Diffusive KPP Equations 

with a Free Boundary and Proof of Theorem 12.21 

In this section, we study the spreading/vanishing scenario of (11.11) and prove Theorem 12.21 
Throughout this section, we assume (H1)-(H5). 

We first prove a lemma. For any given /iq > 0 and uq satisfying recall that {u(t,x‘,uo,ho), 
h{t] Uq, ho)) is the solution of (jl.lll . and x = h{t; uq, ho) is increasing, and therefore there exists 
hoo £ (0, +oo] such that limt^+oo h{t] uo, ho) = Loo- To stress the dependence of h{t] uo, ho) on 
/i, we now write hf^{t; uo, ho) instead of h{t; uo, ho) and hoo{g) instead of hoo in the following. If 
no confusion occurs, we write h^{t,uo,ho) as h^{t). 

Lemma 5.1. For any t G (0,+oo), hfj_{t) is a strictly increasing function of g,. 

Proof. Suppose 0 < gi < g 2 - Let (ui,/i^j) and (u 2 ,/i^ 2 ) nre the solutions of the following free 
boundary problems 


ut = Uxx + uf{t,X,u), 

t > 0,0 < X < (t) 

= -giUx{t,hf,,{t)), 

t > 0 

Uxit,0) = u{t,hfj_^{t)) = 0, 

t > 0 

/i^i(O) = ho,u{0,x) = uoix), 

0 < X < ho 

Ut = Uxx + uf{t,X,u), 

t > 0,0 < X < h^^{t) 

^^2^ = -h2Ux{t,hf,^{t)), 

t > 0 

Uxit,0) = u{t,h^^{t)) = 0, 

t > 0 

h^ 2 ( 0 ) = /io,u(0,x) = no(x), 

0 < X < ho- 


Since 0 < gi < g 2 , then we have 

= -giUx{t,hf,^{t)) < -g2Ux{t,h^^{t)). 

By Proposition 13.31 we can obtain 

(t) <(t) /or t G [0,+oo). 

Now we prove h^[t) is strictly increasing. If not, then we can find a first t* > 0 such that 
h^.^^{t) < h^^{t) for t G (0,t*) and h^^it*) = h^^{t*). It follows that 

h',^{t*)>h'^^{t*). 
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Compare u\ and U 2 over the region 

:= {(i) ic) G M : 0 < t < t*, 0 < a; < (t)}. 

The Strong maximum principle yields ui{t,x) < U 2 {t,x) in fit*. Hence w{t,x) := U 2 {t,x) — 
Ui{t,x) > 0 in Ht* with (t*)) = 0. It follows that Wx{t*< 0, from which we 

deduce, in view of {ui)x{t*,hfj_^{t*)) < 0 and fii < fi 2 , that 

Thus But this is a contradiction, which proved our conclusion that < 

/i^ 2 (t) for all t > 0. □ 

Remark 5.1. If we consider for any t G (0, Too), by Proposition \3.4\ and using the same 
argument as Lemma \Fl\ we have gfj,{t) is a strictly monotone deereasing funetion of fx. 

We now prove Theorem 12.21 

Proof of Theorem \2.2[ . (l)(i) Suppose that hao < oo. First of all, we claim that h' (t; uq, hg) —>■ 0 
as t —7> oo. Assume that the claim is not true. Then there is tn ^ oo (tn > 1) such that 
linin^oo (in', ao, ho) > 0. Let hn(t) = h(t -I- tn', uq, ho) for t > —1. Note that hn(t) —>■ hoc 
as n —>■ oo uniformly in t > -1. By P Theorem 2.1], {/i^(t)} is uniformly bounded and 
equicontinuous on [—1, oo). We then may assume that there is a continuous function h*(t) such 
that h'j^(t) —)• h*{t) as n —)■ oo uniformly in t in bounded sets of [—l,oo). It then follows that 
h*(t) = = 0 and then lim„_,.oo h (tn',uo, ho) = 0, which is a contradiction. Hence the claim 

holds. 

By regularity and a priori estimates for parabolic equations, for any sequence tn ^ oo, there 
are tn^. —>■ oo and u* G x [0, h-oo]) and g* G H{f) such that 

f 'ink ^ 9* 


and 

IWii + ink,'', “Oj ho) - ^*(1, ^ 0 

as tnk —>■ oo. Moreover, we have that u*(t,x) is an entire solution of 

iut = Uxx + ug*{t,x,u), 0<x<h^ 

|tta;(t,0) = u{t,hoo) = 0. 

Next, we show that hoo < oo implies hoo < I*■ Assume that hoo G (I*, oo). Then there exists 
T > 0 such that h(t) > h^o — e > I* for all t > T and some small e > 0. Consider 


vt = Vxx + vf{t,x,v), 0<x<hoo-e 

Vx(i,0) = v(t,h^ - e) = 0. 


(5.2) 
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By comparison principle for parabolic equations, 

u{t + f,-;uo,ho)>v{t + f,-;u{f,-]Uo,ho),f) for t > 0, 

where v{t+T, •; uq, ho),T) is the solution of (|5.2I) with u{T, •; u{T, •; uq, ho),T) = u{T, •; uq, ho). 

By Proposition 13.21 (|5.2I) has a unique time almost periodic positive solution Vh^-eit, x). More¬ 
over, for any uq > 0 and vq ^ 0, 

\\v{t + f,--,vo,f) - Vh^_^it + f,-)\\ 0 (5.3) 

as t ^ oo. By (15.31) and comparison principle for parabolic equations, 

u*(t, x) > 0 V t G M, X G (0, hoo). 


It then follows that u%{t,hoo) < 0. This implies that 

limsup Ua;(t,tto, ho) < 0 

and then 


t—>-oo 


liminf h (t) = liminf h{t)-,uo, ho) > 0, 

t^OO 


which is a contradiction. Therefore hoo < I*- 


We now show that limt_,.oo \\u{t, •; uq, ho)||c([o,/i(t)]) = 0- Let u(t, x) denote the solution of the 
problem 

Ut = Uxx + uf{t, x,u), t > 0,0 < X < hoo 

Uxit,0) = u{t,hoo) = 0, t>0 


u{0,x) = uo{x), 


0 < X < hoo 


where 


uo{x) = 

The comparison principle implies that 


uo(x) for 0 < X < ho 
0 for X > ho 


0 < u{t, x; uo, ho) < u{t, x) for t > 0 and x G [0, h(t)] 

If hoo < I*-, then A(a, hoo) < 0 and by Proposition 13.21 h —>■ 0 uniformly for x G [0, hoo] as 
t oo. Hence, hiut^oo \\u{t,--,uo,ho)\\c{[oMt)]) = O' 

If hoo = assume that hmt_,.oo •;ho)||c([o,/i(i)]) 7^ 0- Then there are tn ^ oo and 
u* / 0, 5 * G H{f) such that \\u{tn, •;uo,ho) - «*(')||c([o,/ih„)]) 0 and f ■ tn ^ g* as tn ^ oo. 

We have u{t, •; u*,g*) is an entire solution of 

jut = Uxx + ug*{t,x,u), 0<x<l* 

1u2,(t,0) = u{t,l*) = 0. 
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By Hopf lemma for parabolic equations, we have Ux{t, l*;u*,g*) < 0. This implies that 

lim h'{tn) = - lim g.Ux{tn-,h{tn)-,uo,ho) > 0, 

n^oo n^oo 

which is a contradiction again. 

(l)(ii) First note that for any fixed x, v}{g){x) is increasing in I and u\g){x) < u*{g){x). 
Then there is u*{g){x) such that 


lim u\g){x) = u*{g){x) < u*{g){x) 
1^00 


locally uniformly in x. 

We claim that 

u*{g){x) = u*{g){x). 


In fact, by Lemma STl 


inf 

x>0,g&H{f) 


u*{g){x) > 0. 


Note that u{t,x-,u*{g), g) = u*{g ■t){x). Then by Proposition 14.11 u*{g){x) 
Note that for any T > 0 satisfying h{T) > 1*, 


u*{g){x). 


u{t + T,x-,uo,ho) > u\t,x-,u{T, ■;uo,ho),f ■ T) V t > 0, 


where u’‘{t,x;u{T,-;uo,ho), f ■ T) is the solution of (13.6p with g = f ■ T, I = h{T;uo,ho), and 
u\0, X] u{T, •; uq, ho), f -T) = u{T, x] uq, ho). Note also that 

u\t,x;u{T, ■■,uo,ho),f ■ T) - u''{f ■ {t + T)){x) 0 


as t ^ oo uniformly in x G [0, 1] and 


u\f ■ (t + T)){x) + T)){x) ^ 0 


as I ^ oo locally uniformly in x G [0, oo). It then follows that 

u{t,x;uo,ho) - u*{f ■ t)(x) 0 

as t oo locally uniformly in x G [0, oo). 

(2) If ho>l*, then hoo > ho > I*. (2) then follows from (1). 

(3) Assume that ho <1*. Let 

g* = sup{g I hooig) < oo}. 

We claim that g* G {g\hoc{g) < oo} when {g \ hoo{g) < oo} ^ 0. Otherwise h^oig*) = oo. It 
means that we can find T > 0 such that h^*{T) > I*. By the continuous dependence of /i^ on 
g, there is e > 0 small such that hf^{T) > I* for all g € [g* — e, + e]. Hence, for all such g we 
have 

hoo{g) = lim hfj^it) > h^{T) > 1* 


26 


Thus, hooilj) = cxD. This implies that [//* — e,//* + e] fl {//|/ioo(/^) < c)o} = 0, and it is a 
contradiction to the definition of fi*. So we proved the claim that fj,* G < oo}. 

For fi > fi*, we get hoo{fJ-) = oo. If not, it must have fJ. < fJ.*, and it is a contradiction. Then 
spreading happens. 

For /i < /i*, by the Lemma l5.II we can obtain 

h^it) < for all t £ (0,+oo) 

It follow that haoifJ-) < hoc{n*) < oo, and vanishing happens. □ 

6 Remarks 

We have examined the dynamical behavior of the population u{t, x) with spreading front x = h{t) 
determined by m, and proved that for this problem a spreading-vanishing dichotomy holds 
(see Theorem 12.2p . In this section, we discuss how the techniques for (ll.ljl can be modified to 
study the double fronts free boundary (II.7p . 

First, note that the existence and uniqueness results for solutions of (II.1|) with given initial da¬ 
tum (uq, ho) can be extended to (jl.7j( using the same arguments as in Section 5 [6], except that we 
need to modify the transformation in the proof of Theorem 2.1 in [6] such that both boundaries 
are straightened. In particular, for given go < Iiq and uq satisfying (jl.81) . the system (ll.7j( has a 
unique global solution {u{t,x;uo,ho,go),h{t]Uo,ho,go),g{t]Uo,ho,go)) with rt(0, x; uq, ho, 5o) = 
uo{x), h(0; uo, ho, g'o) = ho, ^(0; tto, ho, 50 ) = 90 - Moreover, g(t) decreases and h{t) increases as 
t increases. Let goo = hm^^oo g{t] uq, ho, go) and hoo = limi^oo h{t; uo, ho,go)- 

We next consider the spreading-vanishing dichotomy for (II.7p . To this end, We assume {H4)* 
instead of (774), 

(774)* There is L* > 0 sueh that infj^g]R^i>x,* A(a(-,- +y),l) > 0. 

Consider the following fixed boundary problem on 

Ut = Uxx + uf{t,x,u) x£(— 00 , 00 ). (6.1) 

For given uo £ C* ,^„i f(R,K~*~), let u{t,x;uo) be the solution of (j6.ip with u{0,x;uo) = uo{x). By 
the similar arguments as those in Theorem 12.11 we can prove 

Proposition 6 . 1 . Assume (HI), (H2), (774)*, and (H5). (I6.1jl has a unique time almost pe¬ 
riodic positive solution u*{t,x) and for any uq £ M+) with inf,xe(-oo,oo)'^o(x) > 0, 

limi^oo ||n(t, quo) - ^^*(L •)llc(M) = 0. 

We now have the following spreading-vanishing dichotomy for ()1.7p . 

Proposition 6 . 2 . Assume (HI), (H2), (774)*, and (H5). For given ho > 0 and uo satisfying 
0 , the following hold. 
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(1) Either 

(i) hoo — goo < L* cmd limt^^oou{t,x]Uo,hQ,gQ) = 0 uniformly in x 
or 

(a) hoo = —goo = oo CLiT'd limt^oo[u(t,x‘,Uo,hQ,gQ) — u*{t,x)] = 0 locally uniformly for 
X G (— 00 , 00 ), where u*{t,x) is the unique time almost periodic positive solution of (16.ip . 

(2) If ho- go> L*, then h^o = -goo = 00 . 

(3) Suppose ho — go < L*. Then there exists fi* > 0 such that spreading occurs if p> g* and 
vanishing occurs if g < g*. 

Proof. (1) Observe that we have either hoo — goo < 00 or hoo — hoo = oo- 

Suppose that hoo — hoo < 00 • By (Hi)* and the similar arguments as those in Theorem 
[22Ki)( i), we must have h^o — goo < L* and tt(t, x; uq, ho, go) —>■ 0 as t —>■ 00 . 

Suppose that hoo — goo = oo- We first claim that hoo = —goo = oo- In fact, if the claim does 
not hold, without loss of generality, we may assume that — 00 < goo < hoo = 00 . By the similar 
arguments as those in Theorem 12.21 11 fil. we have S'(t) —0 as t —>■ 00 . Let T* > 0 be such that 
h{T*) - g{T*) > L*. Then by {HA)*, 


inf 

i>r*,xe[s(r*),h(T*)] 


u{t,x-,uo,ho,go) > 0. 


Let tn ^ 00 he such that f{t + x, u) — g*{t, x, u) and u{t +x; uq, ho, go) —>■ u*{t, x). Then 
u*{t,x) is the solution of 


\ut = Uxx + ug*{t,x,u), goo < X < 00 
\u{t,goo) = 0, 

and inf^gjj u*{t,x) > 0. Then by Hopf Lemma for parabolic equations, 


<(^>5oo) > 0. 


This implies that 

g {t + tn]Uo,ho,go) -gul{t,goo) < 0, 

which contradicts to the fact that g {t-,uo,ho,go) ^ 0 as t —>■ 00 . Hence {goo, hoo) = (— 00 , 00 ). 
By the similar arguments as those in Theorem 12. 2l ll(iil. we have 

lim [u{t,x-,uo,ho,go) - u*{t,x)] = 0 

E —>-00 

locally uniformly in x in bounded sets. 

(2) and (3) follows from the similar arguments as those in Theorem 12.21 f2l and (3), respec¬ 
tively. □ 
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